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Abstract
We briefly relate the existence of a middle-four interchange map in a
category with two monoidal structures, to the standard Cockett and Seely
notion of a weakly distributive category.
1 Introduction
From a middle-four map we shall obtain an example of a structure (on the
category of I⊕-bimodules) with two weak distributivity maps:
dl : A⊗ (B ⊕ C) −→ (A⊗B)⊕ C
dr : (B ⊕ C)⊗A −→ B ⊕ (C ⊗A)
satisfying the eleven (planar) conditions (2)-(4) and (7)-(14) of [1], but not
necessarily [1] (1), (5), and (6). We call such a structure a “net” category
(see [2]) with the view that it is a proof-net category ([2]) without negation,
or, equivalently, a (planar) weakly distributive category [1] without the unit
objects.
Moreover, we can talk about a middle-four category with negation, which
satisfies four more suitable axioms (c.f. [1] §4 (15)-(18)), so that, on passing to
the category of I⊕-bimodules, we get a proof-net category with a middle-four
map.
2 Middle-Four Categories
First, we consider a category V with two monoidal structures (⊗, I⊗, a, l, r) and
(⊕, I⊕), where we have assumed that the second structure is strictly monoidal.
Suppose this category is equipped with a natural middle-four transformation:
m : (A⊕B)⊗ (C ⊕D) −→ (A⊗ C)⊕ (B ⊗D)
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and maps:
µ : I⊕ ⊗ I⊕ −→ I⊕
η : I⊗ −→ I⊕
satisfying the following four axioms:
M1
(a⊕a)m(m⊗1) = m(1⊗m)a : ((U⊕V )⊗(W⊕X))⊗(Y⊕Z) −→ (U⊗(W⊗Y ))⊕(V⊗(X⊗Z))
M2
(m⊕ 1)m = (1⊕m)m
from
(U ⊕ V ⊕W )⊗ (X ⊕ Y ⊕ Z)
to
(U ⊗X)⊕ (V ⊗ Y )⊕ (W ⊕ Z)
and, if we put I = I⊗ and R = I⊕, we want (R, µ, η) to be a ⊗-monoid in V
such that both
M3
(1⊕ (µ⊗ 1))m(m⊗ 1) = m
from
((A⊕R)⊗ (B ⊕R))⊗ (C ⊕D)
to
((A ⊗B)⊗ C)⊕ (R⊗D)
M4
((1⊗ µ)⊕ 1)m(1⊗m) = m
from
(B ⊕ C)⊗ ((R ⊕A)⊗ (R ⊕B))
to
(B ⊗R)⊕ (C ⊗ (A⊗D))
Moreover, a middle-four category with negation has maps γ and τ , where
γ : A⊗A⊥ −→ R
τ : I −→ A⊥ ⊕A
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satisfying four axioms similar to:
(A⊕R)⊗ I (A⊕R)⊗ (A⊥ ⊕A)
1⊗τ //
A
r

R ⊗A
η⊗1

(A⊗A⊥)⊕ (R⊗A)
m

R⊕ (R ⊗A)
γ⊕1

=
oo
commutes (cf. [1] §4).
3 The Category of R-bimodules as a net cate-
gory
The category V (R) of R-bimodules in V has two induced (coherent) tensor
products. These are:
(1) A⊗B with action:
R⊗ (A⊗B)⊗R
∼
−−−→ (R ⊗A)⊗ (B ⊗R)
∼
−−−→ (R ⊗A⊗ I)⊗ (I ⊗B ⊗R)
(1⊗η)⊗(η⊗1)
−−−−−−−−→ (R ⊗A⊗R)⊗ (R⊗B ⊗R)
α⊗β
−−−→ A⊗B
which is unitless, and
(2) A⊕B with action
R⊗ (A⊕B)⊗R
“m”
−−−→ (R⊗A⊗R)⊕ (R ⊗B ⊗R)
α⊕β
−−−→ A⊕B
which has the unit R.
Furthermore, it is easily checked that our basic transformation
m : (A⊕B)⊗ (C ⊕D) −→ (A⊗ C)⊕ (B ⊗D)
becomes an R-bimodule homomorphism. Thus, on putting B = R and C = R
respectively, and using the bimodule actions, we get two natural transforma-
tions:
dl : A⊗ (B ⊕ C) −→ (A⊗B)⊕ C
dr : (B ⊕ C)⊗A −→ B ⊕ (C ⊗A)
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of R-bimodules.
We now check some [1] axioms on dl and dr.
Axioms [1] (7) and (8) are trivial.
Axiom [1] (9):
M1
M3
·
·
a⊕1



 


·
a⊕a
??
??
?
?
??
??
1⊕a //
·
1⊕(µ⊗1)
??
??
?
?
??
??
1⊕(1⊗α)



 


(A⊗B)⊗ (C ⊕D)
((A⊗B)⊗ C)⊕ (R ⊗D)
m


 

·
m⊗1
??
??
?
?
??
??
m



 

1⊕(µ⊗1)????
__????
((A⊗B)⊗ C)⊕D
dloo
1⊕α????
__????
·
A⊗ ((B ⊗ C)⊕D)
1⊗(1⊕α)


 

m?????
__?????
m?????
__?????
A⊗ (B ⊗ (C ⊕D))
1⊗m?????
__?????
1⊗dl
oo(A⊗ (B ⊗ C))⊕D
1⊕α


 

dl
oo
a⊕1
  
a

where α(1 ⊗ α)a = α(µ⊗ 1) sine D is an R-bimodule.
Axiom [1] (10) is similar, but uses M1 and M4.
Axiom [1] (11) uses M2 and the action (*) of R on A⊕B.
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M2
(∗)
(A⊕B ⊕ C)⊗D A⊕ ((B ⊕ C)⊗D)
dr //
·
m
WWWWW
W
++WWWW
WW
·
m
,,
,,
,,
,,
,,
,,
,
,,
,,
,,
,,
,,
,
A⊕B ⊕ (C ⊗D)
dr
))
α⊕1ggggg
33ggggg
·
1⊕m






		





1⊕dr
uu
1⊕α⊕1


 

·
α⊕α⊕1

α⊕1
??
??
?
?
??
??
1⊕m

m⊕1

??
α⊕1
??
??
?
?
??
??
Axiom [1] (12) is similar and still uses M2, while Axiom [1](13) uses M2,
and [1] (14) uses M1.
Thus, from any category with two monoidal structures related by a middle-
four interchange transformation satisfying the standard axioms for such a map,
we obtain an example of a net-category (that is, a proof-net category without
negation) which is also equipped with a middle-four interchange map.
Communication on this article can be made through Micah McCurdy (Mac-
quarie University, micah.mccurdy@gmail.com)who kindly typed this manuscript.
I would also like to thank Ross Street for a helpful comment on the middle-four
map.
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